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Influence of stochasticity on multiple four-wave-mixing processes in an optical fiber
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In this paper, we present the results of a computational study of the dynamical evolution of multiple
four-wave-mixing processes in a single mode optical fiber with spatially and temporallyd-correlated phase
noise. A generalized nonlinear Schro¨dinger equation~NLSE! with stochastic phase fluctuations along the
length of the fiber is solved using the split-step Fourier method. A good agreement is obtained with previous
experimental and computational results based on a truncated-ODE~ordinary differential equation! model, in
which stochasticity was seen to play a key role in determining the nature of the dynamics. The full NLSE
allows for simulations with high frequency resolution~60 MHz! and frequency span~16 THz! compared to the
truncated-ODE model~300 GHz and 2.8 THz, respectively!, thus enabling a more detailed comparison with
observations. A physical basis for this hitherto phenomenological phase noise is discussed and quantified.
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I. INTRODUCTION

The understanding of nonlinear processes in optical fib
is crucial towards extending the capabilities of modern o
cal communication systems based on wavelength divis
multiplexing, where each communication channel is rep
sented by a unique wavelength. One of the nonlinear p
cesses that limits the information carrying capacity of
WDM system is four-wave mixing~FWM!, which causes
cross talk between neighboring channels. This places a lo
limit on the wavelength separation between adjacent ch
nels and an upper limit on the input power in each chan
In this paper, we describe a process, by which the evolu
of FWM processes in an optical fiber can be used to estim
the inhomogeneities in the fiber core material, in particu
the fluctuations in the linear refractive of the fiber core.

Experiments measuring the evolution of FWM proces
along a length of fiber were carried out by Hartet al. @1# and
are described in detail in Sec. II. In this experiment, tw
input pump waves at frequenciesv1 andv2 interacted with
each other through the third-order nonlinearity of the fib
material to generate first-order sidebands at frequenciesv3
52v12v2 and v452v22v1. These waves further inter
acted to produce second-order sidebands atv552v32v4
andv652v42v3. Higher-order sidebands were also gen
ated. The normalized power in the sideband at frequencyvm
was represented byrm . The evolution of the FWM pro-
cesses was characterized by the evolution ofrm(z) as a func-
tion of fiber lengthz.

In the present work, we make a quantitative comparis
between these experimental results and our numerical re
based on efficient algorithms@2# to solve the nonlinear
Schrödinger equation~NLSE! that governs the system. Th
numerical model, its underlying assumptions and the res
are described in Sec. III. A realistic description of a stand
single mode optical fiber must take into account the rand
phase perturbations a light wave undergoes while propa
ing through it, without disturbing the underlying conserv
tive properties of the system. The NLSE needs to be suita
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modified in order to incorporate the stochastic nature of
propagation. In order to preserve the conservative prope
of the system, the stochastic terms in the NLSE must ne
sarily be multiplicative in nature as an additive term acts a
source or a sink. An algorithm that achieves this with line
Gaussian,d-correlated noise is outlined in Sec. III. This a
gorithm preserves the unconditional stability of the syste
At the same time, care is taken to transform the stocha
NLSE from its original Ito representation@3# to the compu-
tationally feasible Stratanovich representation@4# by com-
pensating for the spurious linear drift that results from in
grating such stochastic differential equations@5–8#. The
dominant sources of phase noise are discussed in Sec.

Conclusions on the relevance of the experiments of H
et al. @1# and the stochastic modeling presented here
summarized in Sec. V.

II. EXPERIMENTAL AND COMPUTATIONAL
BACKGROUND

In this work, we focus on tracing the evolution of th
sidebands, generated through FWM, along a length of opt
fiber. The FWM spectral evolution along 50 m of fiber fo
two input pump power regimes~2.1 W and 5.5 W! was in-
vestigated. In the 2.1 W case, the sideband evolution
lowed a damped sinusoid along the length of the fiber. T
experiments also found that the two first-order sidebandsr3
blueshifted andr4 redshifted from the two pumps! had dif-
ferent evolutions along the fiber~with different spatial wave-
lengths!. For the 5.5 W case, the evolution of both first- a
second-order sidebands was measured. The damping in
first-order sidebands (r3 and r4) occured faster than in the
2.1 W case. Experiments probing the dependence of the s
band power on the input power~ranging from 2 W to 17 W!
were also performed at a fixed output length of 50 m of
fiber. At the same fiber length, the optical spectra for inp
powers ranging from 2 W to 17 W were also recorded. T
spectral envelopes were observed to fit well to a hyperb
secant function and the fit parameters were recorded. M
©2002 The American Physical Society09-1
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surements with a high-resolution wavemeter showed that
of the two pumps consisted of two very closely spaced l
gitudinal modes (Dn;0.5 GHz), which were not resolve
by the spectrometer used to record the FWM spectra. In
sion of this multimode nature of the pump input in the
model was found to alter the sideband dynamics dramatic
and partly explained the asymmetry between the blue-shi
and redshifted sidebands though it did not account for
damping in the sidebands. This was accounted for by add
weak phase fluctuations to the waves as they propag
along the fiber. The physical source of these phase fluc
tions was not known at that time. However, the inclusion
the phase fluctuations into the model gave excellent qua
tive and quantitative agreement with experiment. Th
model involved integration of a system of coupled OD
~ordinary differential equations! derived from the NLSE@9#
by a process of truncation that retained only the leading
quency components~the pumps and the first- and secon
order sidebands!, a process justified by the fact that the inp
pump waves are well approximated by a combination
monochromatic waves. Their final numerical results
based on simulations using the truncated-ODE model w
Langevin noise terms representing phase fluctuations in
fiber. Another physical source of stochasticity in their expe
ment was the inherent power fluctuation in the lasers use
the input pumps. The level of fluctuations~5–20%! was
measured and incorporated appropriately into their mo
through stochastic initial conditions. This explained the e
lution of the level of observed fluctuations in the sideba
trajectories although it was found to be inadequate by it
to account for the damping of the trajectories. They fou
that all the three physical characteristics mentioned abo
namely, the multimode nature of the pump input, the stoch
tic phase fluctuations along the length of the fiber, and
stochastic initial power fluctuations were crucial towards
plaining the different features of the experimental measu
ments.

III. STOCHASTIC-NLSE MODEL

In the present work, we have developed and implemen
an unconditionally stable scheme for integrating the NL
that successfully incorporates phase noise into the split-
Fourier method~SSFM!. Thus, we are now in a position t
harness, the high frequency/time resolution of the SSF
together with its efficient convergence properties. Due
these advances, we are now able to do simulations w
much higher frequency resolution~60 MHz as compared to
300 GHz in the ODE model!. This high resolution, coupled
with an appropriate convolution scheme enables us to c
pare these simulated spectra with the composite spectra
served by the spectrometers which had a resolution
;60 GHz. This was not possible with the truncated- OD
model as the resolution of the simulated spectra in that c
was;300 GHz. For exactly the same levels of phase fl
tuations and initial condition fluctuations as used in Ref.@1#,
comparisons for the present NLSE model with the exp
mental sideband evolution functionsr i(z) show excellent
quantitative agreement. These results, along with the a
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rithms employed are described in detail in this section.
have identified linear refractive index fluctuations along t
fiber length to be a strong candidate for a physical source
the stochastic phase fluctuations. A comparison between
various possible sources is given in Sec. IV.

Under the assumption that the electric field of the light
the fiber has a slowly varying envelopeA(z,t), and that the
fiber medium has an instantaneous nonlinear response
system is well described by the NLSE with a linear multip
cative stochastic term,

]U

]z
1

ib (2)

2T0
2

]2U

]t2
1

aU

2
1 iG~z,t!U2 igP0uUu2U50.

~1!

Z is the distance along the length of the fiber,U(z,t)
5A(z,t)/AP0 is the complex electric field envelopeA(z,t)
normalized to the absolute amplitude of the fieldAP0, P0 is
the total power in the fiber,t is time normalized to a conve
nient time scaleT0(;1 ns) measured in a reference fram
moving with the group velocity of the pulse@t5(t
2z/vg)/T0#. The simulations are carried out for exactly th
same physical parameters as the experiments and simula
reported by Hartet al. @1#, i.e.,b (2)555 ps2/km is the group
velocity dispersion of the fiber at the operating wavelen
l0;632 nm (k0;107 m21). a;6 dB/km50.0014 m21 is
the loss in the fiber at this wavelength. The nonlinearity c
efficient g50.019 W21 m21 is given by

g5
vavn2

I

cAe f f
, ~2!

whereAe f f is the effective core area of the fiber,n2
I is the

Kerr coefficient for the intensity-dependent refractive inde
andvav is the average angular frequency of the wave en
lope. G(z,t) is a linear multiplicative phase noise field. I
this study the noise field is assumed to bed correlated in
both space and time. The evolution of the FWM dynamics
found to be sensitive to the strength of this noise field. It c
be physically interpreted as phase noise arising due to fl
tuations in the linear refractive index of the fiber medium.
detailed discussion of its physical origin is given in Sec.

The system was simulated using the SSFM@2#. An algo-
rithm for appropriately incorporating stochastic phase flu
tuations along the length of the fiber in the SSFM was
veloped and is summarized below.

The NLSE is composed of linear and nonlinear terms, a
can be written in the operator form as

]U

]z
5~D̂1Ŝ1N̂!U,

D̂5
2 ib (2)

2T0
2

]2

]t2
2

a

2
,

Ŝ5 iG~z,t!,

N̂5 igP0uUu2, ~3!
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INFLUENCE OF STOCHASTICITY ON MULTIPLE . . . PHYSICAL REVIEW E 66, 066609 ~2002!
where D̂, Ŝ, and N̂ are linear~dispersive!, nonlinear, and
stochastic operators, respectively. It has an exact solution
infinitesimalDz given by

U~z1Dz,t!5exp@Dz~D̂1Ŝ1N̂!#U~z,t!, ~4!

which can be approximated by

U~z1Dz,t!'exp@DzD̂#exp@DzŜ#exp@DzN̂#U~z,t!.
~5!

The execution of exp@DzN̂# is carried out int space:

B1~z,t!5exp@DzN̂#U~z,t!. ~6!

The execution of exp@DzŜ# and exp@DzD̂# is carried out inv
space.

In particular, the stochastic phase fluctuations are in
duced by modifying the phasef j of each frequency compo
nentv j of the complex field according to

B2~z,v!5F@B1~z,t!#,

B3~z,v j !5exp@ idf~z,v j !#B2~z,v j !, ~7!

whereF represents the Fourier transform operation.
This process only modifies the phase of each comp

frequency component leaving its absolute value unchan
Thus, the algorithm conserves the total power and the unc
ditional stability of the system.

The stochastic phase fluctuationsdf(z,v j ) are taken to
bed correlated in frequency as well as along the fiber leng

FIG. 1. Multimode pulse input to the NLSE:~a! input pulse in
time domain and~b! input spectrum.
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The Box-Muller algorithm@10# was used to generate Gaus
ian random deviates from computer-generated uniform r
dom deviatesr 1 j and r 2 j at each spatial step and for eac
frequency componentv j . The fluctuations are given by

df~z,v j !5A22sf
2 Dz ln~r 1 j !cos~2pr 2 j !. ~8!

This is followed by the execution of exp@DzD̂# which is
also carried out in Fourier space followed by the inve
transform:

U~z1Dz,t!5F 21@exp@DzD̂~ iv!#B3~z,v!#. ~9!

D̂( iv) is obtained by replacing (]/]t) by iv.
The basic form of the initial complex wave envelop

function is

U~0,t!5expS 2
t2

2tp
2D H expS iVt

2 D1expS 2
iVt

2 D J .

~10!

tp is the pulse widthTp55 ns FWHM~full width at half
maximum!, normalized to the time scaleT0 , V5366 GHz is
the frequency detuning between the two laser sources
malized to a frequency scaleV0562.5 MHz. Figure 1~a!
shows a plot of this pulseuU(0,t)u2. The overall Gaussian
envelope has an FWHM of 5 ns, the closely spaced d
lines are due to the 366 GHz (;3 ps) beating between th
two input pump frequencies. The 2-ns modulations on
pulse are due to the 0.5-GHz mode structure in the bl
shifted pump wave. Figure 1~b! shows the input spectrum o
this pulse, which consists of two highly monochroma
pump waves with a detuning ofV5366 GHz. The spectrum
of the blue-shifted pump, upon magnification, is seen to
composed of two very closely spaced peaks, with a sep
tion of Dn50.5 GHz. Hartet al. @1# did not use pulsed wave
functions in their NLSE simulations as the size of the F
required to do so made it computationally prohibitive at th
time. The size of the~FFT! was chosen such that it woul
accommodate a time span of 16 ns in order to go sufficie
far into the wings on the Gaussian pulse; and a freque
span of 16 THz in order to accommodate all the sideba
generated and prevent spurious effects due to the reflec
boundary conditions implicit in the SSFM algorithm. The
considerations dictated the size of the FFT to be>16 THz
316 ns5256 000. The nearest power of 2 is 2185262 144,
which has been used throughout the present work. The in
poration of the pulsed nature of the light was found to
necessary in explaining the dynamics. From the perspec
of the coupled amplitude equations used by Hartet al. @1#,
the present model is equivalent to a coupled-ODE mo
with 218 coupled ODEs.

Upon incorporation of the multimode nature of the bl
input pump-laser source and the stochastic fluctuations in
initial power in the lasers, the initial wave function takes t
form
9-3
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KHUBCHANDANI, GUZDAR, AND ROY PHYSICAL REVIEW E 66, 066609 ~2002!
U~0,t!5expS 2
t2

2tp
2D HA11dr1

2 FexpS i ~V1Dn!t

2 D
1expS i ~V2Dn!t

2 D G1A11dr2expS 2
iVt

2 D J .

~11!

Dn50.5 GHz is the frequency separation between
two longitudinal modes in the blue-shifted pump.dr1 and
dr2 are Gaussian random deviates~generated using the Box
Muller algorithm @10#! that represent the initial power fluc
tuations in each of the pump laser sources. Their stand
deviations were taken to besr1

50.2, sr2
50.11 for simula-

tions from 0 m to 20 m,sr1
50.12,sr2

50.05 for simula-
tions from 20 m to 50 m along the length of the fiber. This
exactly the same prescription used by Hartet al. @1# in their
simulations and is dictated by their experimental measu
ments of the fluctuations in the pump-laser intensities.

Use of the FFT algorithm makes evaluation relatively f
compared to other finite-difference schemes. The comp
tional error isO(Dz2), thus the solution converges with de
creasing spatial step sizeDz.

The simulations were tested for the conservation of to
power along the fiber length~by setting the lossa to zero!
and for the conservation of asymmetry@1,9# given by

C~Z!5(
i 51

`

~2i 21!@r2i 21~Z!2r2i~Z!#. ~12!

A clear picture of the evolution of the sidebands is o
tained by plotting the power in the sidebands as a function
length along the fiber. Figures 2~a! and 2~b! show a compari-
son between simulation and experiment of the evolution
the first-order blue (r3) and red (r4) sidebands, respectively
for an input power of 2.1 W. The solid line in the figure
generated by numerical solution of the stochastic NLSE. T
measured sideband power, normalized to the total powe
the fiber, is periodic in length, but appears to be damping
a constant value. The measured data also show a clea
ference between the spatial wavelengths of oscillation of
blue and red sidebands trajectories, respectively. Both th
features are captured well by the simulations. Figures 2~c!
and 2~d! compare experimental and simulated measures
the evolution of the standard deviation in the sideband po
along the fiber length.

The apparent damping of the periodic sideband trajec
is seen more dramatically in Figs. 3~a! and 3~b!, which show
the evolution of the first-order sideband power along the
ber for an input power of 5.5 W. Here again, the two fir
order sidebands evolve differently. They also appear to da
to a constant value at a faster rate than for the case wit
input pump power of 2.1 W. All of these features are ac
rately captured by the stochastic-NLSE model. Figures 3~c!
and 3~d! show a comparison between the simulated and m
sured standard deviations. Comparisons for the second-o
blue (r5) and red (r6) sidebands, respectively, are shown
Figs. 3~e! and 3~f!.
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The observed dynamical evolution of the sidebands
found to depend sensitively on the strength of the stocha
phase fluctuations. Yet, best agreement with the experime
results of Hartet al. @1# is achieved with exactly the sam
noise strengthsf

2 as used in their truncated-ODE mode

FIG. 2. Comparison between the experimental measurem
@1# and the stochastic-NLSE model~solid line! of the first-order
sideband evolution as a function of fiber length forP052.1 W,
V5366 GHz,Dn50.5 GHz,g50.019 W21 m21, and b (2)

555 ps2/km: dynamical evolution of the~a! power in the blue-
shifted sideband,~b! power in the redshifted sideband,~c! fluctua-
tions in the blue-shifted sideband,~d! fluctuations in the redshifted
sideband.

FIG. 3. Comparison between the experimental measurem
@1# and the stochastic-NLSE model~solid line! of the first- and
second-order sideband evolution as a function of fiber length
P055.5 W, V5366 GHz,Dn50.5 GHz,g50.019 W21 m21,
andb (2)555 ps2/km: dynamical evolution of the:~a! power in the
first-order blue-shifted sideband,~b! power in the first-order red-
shifted sideband,~c! fluctuations in the first-order blue-shifted side
band, ~d! fluctuations in the first-order redshifted sideband,~e!
power in the second-order blue-shifted sideband,~f! power in the
second-order redshifted sideband.
9-4
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INFLUENCE OF STOCHASTICITY ON MULTIPLE . . . PHYSICAL REVIEW E 66, 066609 ~2002!
namely,sf
2 50.0067 m21. They report that including phas

noise in their FWM calculations resulted in a spurious line
drift in the trajectories for the sideband power with leng
To remove this artifact of the computations, they adde
linear loss to their coupled ODEs. They set the loss coe
cient a50.0046 m21 by finding the value that removed th
increasing slope. We have observed exactly the same se
growth phenomenon for a wide range of the noise stren
sf

2 and have arrived at an empirical prescription fora,
namely,a;sf

2 , wheresf
2 is the variance of the added pha

noise. This indicates the general nature of dynamics resu
from the addition of stochastic,d correlated phase fluctua
tions to systems governed by nonlinear partial differen
equations@5#.

It is remarkable that the strength of the phase noise
quired is the same in both the 2.1 W and the 5.5 W ca
Further, it is worth noting that exactly the same no
strength was used by Hartet al. @1#, the difference being tha
they introduced phase noise only in the pump frequenc
whereas we have introduced it in all the Fourier mod
(;218). As a confirmation of this result, they also perform
experiments and numerical simulations examining the s
band power dependence on the input power at a fixed le
of 50.4 m of the same fiber. We have repeated these sim
tions with the stochastic-NLSE model and the results
shown in Figs. 4~a! ~blue-shifted sideband! and 4~b! ~red-
shifted sideband!. The experimental measurements of t
sideband powers are represented by filled squares and
results of numerical simulations are represented by trian

FIG. 4. Comparison between the experimental measurem
~stars! and the stochastic-NLSE model~open symbols! of the first-
order sideband power versus pump input power forL550.39 m and
V5366 GHz: power in the~a! blue-shifted sideband and~b! red-
shifted sideband.
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~without phase noise! and by circles~with phase noise!. The
simulations are seen to follow the general trend seen in
experiments. As the pump power is increased, the trian
~without phase noise! start to disagree with experimen
whereas the circles~with phase noise! are much closer to
experiment. The phase noise strength used in these sim
tions was exactly the same as that used in the simulat
depicted in Figs. 2 and 3. The agreement between the p
noise simulations and the experimental data was~once again!
highly sensitive to the noise strength. Since this experim
~unlike those shown in Figs. 2 and 3! is nondestructive, it can
be used to deduce the strength of phase noise processe
given optical fiber. It will be shown in Sec. IV that a likel
cause of the phase noise is fluctuation in the linear refrac
index of the fiber. The noise strength deduced from
present computational study corresponds to a refractive
dex inhomogeneity of̂Dn2&;10216.

Till now, the comparisons between our simulations of t
full-NLSE and the truncated-ODE model give basically t
same results, although in a much better agreement with
periment. However, the full NLSE can also provide a d
tailed comparison with the experimental spectra. This w
not available from the truncated-ODE model. The simu
tions reported in this work were carried out with a very hi
frequency and time resolution in order to incorporate the f
that the input light was not cw, but was composed of;5-ns
long pulses; and that the number of sidebands generate
quired the frequency spread of the FFT to be;16 THz,
while resolving a longitudinal mode structure ofDn
;0.5 GHz. The spectral resolution used was;0.05 GHz,
whereas the spectrometer used to observe the spectra h
resolution 1000 times larger (;50 GHz) To account for this
difference, the simulated spectra were first convolved wit
Gaussian of unit peak and 62-GHz FWHM, before they w
compared with the observed spectra.

Figures 5~a! and 5~b! show three-dimensional plots of th
average experimental FWM output spectrum along
length of the fiber for input pump powers of 2.1 W and 5

ts

FIG. 5. Evolution of the FWM spectrum along the fiber~a! P
52.1 W, experiment;~b! P55.5 W, experiment,~c! P52.1 W,
stochastic-NLSE model;~d! P55.5 W, stochastic-NLSE model.
9-5
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W respectively~courtesy Hartet al. @1#!. The vertical axis
represents the intensity, normalized to the peak power in
of the input pumps, plotted on a logarithmic scale. The pu
frequencies are centered on1/2V/2 and the fiber length is
increasing into the page. Figures 5~c! and 5~d! show the cor-
responding comparisons based on simulations using
stochastic-NLSE model. The basic features of the spec
evolution are captured by the simulations.

Hart et al. @1# also documented the experimentally o
served FWM output spectra for a fixed fiber length of 50.
m for six different input pump powers. They state the co
ficientsA andB of the hyperbolic secant envelopes that b
fit the output spectra which are given by

f ~v!5Asech~Bv!, ~13!

whereA andB are the experimental fit parameters.
The hyperbolic secant parametersA andB that best fit the

simulated spectra are exactly the same as those that be
the experimental spectra@1# for all the six cases of inpu
power considered. Figure 6 shows an overlap of the sim
lated spectra~dashed line!, with the experimental spectr
~solid line! and the experimental hyperbolic secant envelo
~dotted line! for six different pump powers, namely,~a! 2.1
W, ~b! 5.5 W, ~c! 6.7 W, ~d! 8.3 W, ~e! 12.7 W, ~f! 17.4 W.
The hyperbolic secant parameters for each of these p
powers are~a! A53.85 andB50.36, ~b! A52.26 andB
50.27, ~c! A51.81, and B50.25, ~d! A51.56 and B
50.23, ~e! A50.98, andB50.20 and~f! A50.81 andB
50.20. The exact shapes of the simulated spectra match
well with the experimental spectra for low input pump po
ers ~2.1 W and 5.5 W! but tend to lack the ‘‘filled-in’’ char-
acter of the experimental spectra at higher powers~6.7 W,
8.3 W, 12.7 W, and 17.4 W!.

FIG. 6. Experimental FWM output spectrum~solid line!, con-
volved spectra from simulations of the stochastic-NLSE mo
~dashed line!, and hyperbolic secant envelope fit~dotted line! for
pump input powersP0 of ~a! 2.1 W,~b! 5.5 W,~c! 6.7 W,~d! 8.3 W,
~e! 12.7 W, ~f! 17.4 W, fiber lengthL550.39 m, V5366 GHz,
Dn50.5 GHz,g50.019 W21 m21, andb (2)555 ps2/km.
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IV. DISCUSSION

Hart et al. @1# postulated that strong candidates for t
possible physical sources of the phase fluctuations are st
lated Brillouin scattering, stimulated Raman scattering a
fiber medium inhomogeneities. Brillouin scattering w
eliminated as a source, since a backward propagating w
which is a signature of Brillouin scattering in optical fiber
was not observed in the experiments. We have mode
stimulated Raman scattering@2,11# for our system and have
found no evidence to support the hypothesis that it could
a possible source of the stochastic phase fluctuations. A
from these, quantum phase fluctuations are another
known, though extremely weak, source of phase noise
optical fibers@2,13#.

Fiber medium inhomogeneities were identified as the m
jor cause of the stochastic phase fluctuations. These inho
geneities can manifest themselves through spatial an
temporal fluctuations in the fiber parameters, namely, the
ear refractive indexn0, the group velocityvg , the group
velocity dispersionb (2), and the nonlinearityg @12#. Of
these, the fluctuation in the linear refractive index was fou
to be the only source of phase fluctuation that had a sign
cant effect on the dynamics. A relationship between the le
of refractive index fluctuations and the corresponding le
of phase fluctuations has been arrived at. It is found t
refractive index fluctuations as small assn

2;10217 m21 can
cause the desired phase fluctuations. Possible source
these refractive index fluctuations are discussed below.

Consider the modified nonlinear Schro¨dinger equation
~NLSE! which is stated below, with the linear multiplicativ
noise term represented in terms of spatial and temporal fl
tuations in the refractive index of the fiber:

]U

]z
1

ib (2)

2T0
2

]2U

]t2
1

aU

2
1 ik0dn~z,t!U2 igP0uUu2U50.

~14!

dn(z,t) is the spatial and temporal variation of the refracti
index along the fiber. It can be caused by temperature
density fluctuations in the fiber@14#.

The thermodynamic estimate forDn is given @14# by

^Dn2&5
2kTr2

V2 S ]V

]PD
T
S ]n

]r D
T

2

1
kT2

rVCv
S ]n

]TD
r

2

. ~15!

This gives the mean-square index fluctuation in terms of
properties of the material. It can be rewritten as

^Dn2&5
Vr1VT

V
5^Dn2&r1^Dn2&T. ~16!

For a fiber of lengthz51 m and radiusr 52.82mm ~vol-
umeV52.5310212 m3), these have been calculated to b

^Dn2&r;10221[^Dr2&;10214
kg2

m6
,

^Dn2&T;10223[^DT2&;10212°C2. ~17!

l
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It should be noted that̂Dn2&}1/z⇒dn}1/Az. The cor-
responding phase fluctuation that this would lead to in
NLSE is given bydf5k0dnz}Az, which is equivalent to
the prescription for incorporating phase fluctuations into
stochastic NLSE model described in Sec. III, name
^Df2&56.731023z. Hart et al. @1# used the same prescrip
tion and the same noise strength in their truncated-O
model. From this, we can estimate the level of refract
index fluctuation that corresponds to the noise strength u
in the simulations described in Sec. III:

^Dn2&5
6.731023

k0
2

56.78310217[^DT2&;1026°C2

[DT;1023°C. ~18!

The temperature coefficient of the refractive index
silica @14#, (]n/]T)r;1025 °C21. Thus even small spatio
temporal temperature fluctuations of;1023 °C are enough
to cause the inferred level of refractive index fluctuations

The refractive index fluctuations could also be due to
homogeneities in the density of the fiber material, frozen
at the time of manufacture of the fiber. The simulations w
averaged over;600 iterations to get a good estimate of t
power fluctuations in the sidebands. Initially, simulatio
were performed with a different phase noise distribution
each iteration. Later, a particular~arbitrary! phase noise dis
tribution was selected and frozen for all the iterations. T
did not reduce the level of damping observed in the sideb
trajectories provided that the strength of the phase noise
kept the same, thus indicating that density fluctuations
duced during fiber manufacture could be a possible sou
The phase noise was modeled asd correlated in both spac
and time. A more realistic approach would be to use co
lated noise. Numerical methods to incorporate linear mu
plicative correlated noise into the NLSE have been dev
oped by Werneret al. @6#.

V. CONCLUSIONS

The role of stochasticity in the dynamical evolution
four-wave-mixing processes in an optical fiber has been
vestigated. This research consisted of theoretical and num
cal computations. It focuses on tracing the evolution of
tic

,
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sidebands, generated through FWM, along a length of opt
fiber. Detailed comparisons were made with the experime
results of Hartet al. @1# and the agreement was excellen
The present work uses numerical techniques that have m
higher resolution and better efficiency, and it presents a
oretical basis for the role of the stochasticity in the dynami
The system is known to be governed by the~NLSE! to a very
good approximation@2#.

A powerful technique that can be used for simulations
the stochastic NLSE is the split-step Fourier Method~SSFM!
@2#. An algorithm for the direct implementation of stochas
processes along the length of the fiber in the SSFM has b
developed. The advantages of this approach with respe
the coupled-ODE approach are that we can carry out si
lations with much higher frequency and time resolution wi
out sacrificing computational efficiency.

The physical sources of these stochastic phase fluc
tions are investigated quantitatively and are identified to
due to fluctuations in the linear refractive index of the fib
Strong candidates for the causes of these refractive in
fluctuations are temperature fluctuations in the fiber med
caused by the fluctuating temperature of the fiber envir
ment, density fluctuations in the fiber medium frozen into t
fiber during manufacture, and intrinsic thermodynamic flu
tuations in the temperature and density of the fiber.

The experiments performed by Hartet al. @1# can be used
to determine the level of these refractive index fluctuations
commercial fibers. Results described in Figs. 2 and 3 re
sent a destructive experiment that measures the side
evolution with fiber length for fixed input pump power, ne
essarily requiring the fiber to be cut repeatedly. The leve
refractive index fluctuations can be used as a paramete
the simulations to best fit the experimental results. Alter
tively, Fig. 4 represents a nondestructive experiment t
measures the sideband evolution with input pump power
a fixed fiber length. These experiments are found to be
fective for estimating the refractive index fluctuations as
dynamics is observed to be sensitively dependent on
strength of the phase fluctuations.
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